Abstract-Three-phase inverters subject to droop control are widely used in islanded microgrids to interface distributed energy resources to a network and to properly share loads among different units. In this paper, a mathematical model for islanded microgrids with linear loads and inverters under frequency and voltage droop control is proposed. The model is constructed by introducing a suitable state-space transformation that allows to write the closed-loop model in an explicit state-space form. Then, the singular perturbations technique is used to obtain reduced order models that reproduce the stability properties of the original closed-loop model. The analysis shows that the currents' dynamics influence the stability of the microgrid, particularly for high values of the frequency droop control parameters. It is also shown that a further reduction of the model order leads to a typical oscillator model that is not able to predict the possible instability of the droopcontrolled system. Numerical and experimental results demonstrate the validity of the proposed models.
Model Order Reductions for Stability Analysis of Islanded Microgrids With Droop Control
landed and grid-connected modes [13] - [15] . Specific solutions in order to mitigate some drawbacks such as a slow transient response [16] , [17] and the inherent tradeoff between power sharing capabilities and frequency/voltage regulation [18] , [19] have been also proposed. A hierarchical design and a nonlinear outer control loop to overcome some issues related to droopcontrolled inverters in microgrids are proposed in [20] and [21] , respectively. The nonlinearity of the droop control laws makes the determination of a closed-loop model a nontrivial task, even in the presence of few inverters and linear loads. On the other hand, an accurate model is crucial for a precise and rigorous assessment of microgrid stability. Different approaches and techniques have been proposed in literature to model microgrids with droop-controlled inverters. In [21] - [23] , an electric passive network is represented as an interconnection of impedances at a nominal frequency. The stability of the corresponding closed-loop small-signal models does not depend on droop control parameters. In other papers, either by means of dynamic phasors [24] - [26] or by taking into account relevant dynamics according to specific scenarios [27] , [28] , the closed-loop model of the microgrid is shown to be unstable for large droop control parameters. In [29] and [30] , the stability analysis of droop-controlled inverters is approached via contraction theory. In [31] , a stability condition is formulated as a synchronization problem of generalized Kuramoto oscillators. According to this framework, the stable equilibrium point of a system is achieved when all the microgrid inverters generate voltages with the same frequency. The model in [31] does not consider the dynamic equations of loads and currents. On the other hand, in some situations, such dynamics become prominent and can strongly affect the stability of the microgrid [32] , [33] . In particular, the small-signal models analyzed in [34] clearly highlight the presence of unstable behaviors for large values of the droop parameters.
In this paper, a systematic approach for the construction of a dynamic model of three-phase ac microgrids with inverters under classical voltage and frequency droop controls is presented. The adoption of a state-space transformation based on "local" rotation matrices allows to write the model in a state-space explicit form that also includes the line and load dynamics. Different from the work in [34] , the rotation matrices used for the proposed state transformation do not have a common reference frame and are directly applied to a nonlinear large signal model. Moreover, the proposed model does not consider the power filters and the filters at the output of the inverters, which is an intriguing assumption because it makes more complex the derivation of closed-loop equations. Indeed, algebraic loops are Fig. 1 . AC microgrid in islanded mode with two inverters and two local loads. Superscripts r, s, and t refer to a three-phase balanced system. present because the powers used in the droop controller are not considered state variables. The model shows the presence of unstable equilibrium points for large values of the frequency droop control parameter. By using the singular perturbations technique, reduced order models at different time scales are derived, and it is shown that their stability reproduces that of the original closed-loop model.
The rest of this paper is organized as follows. In Section II, a closed-loop model of a three-phase ac microgrid consisting of two inverters under frequency and voltage droop controls, a resistive-inductive tie-line, and two local resistive-inductive loads is derived. In Section III, by applying the singular perturbations technique, reduced order models corresponding to different dominant time constants are obtained. It is also shown that the proposed reduced order models can be viewed as a generalization of the classical Kuramoto oscillator model. In Section IV, numerical simulations show that the reduced order models are able to estimate the droop control parameters for which the corresponding full order model is unstable, whereas the model with Kuramoto oscillators is always stable. In Section V, the experimental results on a real microgrid validate the proposed models and confirm the possible existence of unstable behaviors. Section VI concludes this paper.
II. MICROGRID MODEL UNDER DROOP CONTROL
An equivalent circuit of the three-phase ac microgrid under investigation is depicted in Fig. 1 . Two inverters and their corresponding balanced resistive-inductive local loads, with resistances R a , R b and inductances L a , L b , respectively, are connected through a balanced resistive-inductive tie-line with resistance R c and inductance L c . A wide class of more complex linear topologies of microgrids can be recasted in the equivalent structure shown in Fig. 1 by using standard circuit theory transformations.
A. Open-Loop Model
Assume that each inverter is represented by a three-phase ideal voltage source generating a symmetric direct voltage sequence. By applying the Kirchhoff voltage laws to the equivalent circuit depicted in Fig. 1 and by representing the voltages and currents in a stationary reference frame indicated with superscripts α and β, one obtains
where index k denotes the inverter, and
are the vectors of inverter voltages (inputs), local load currents (state variables), line currents (state variables), and inverter currents, respectively. State-space equations (1) corresponds to a sixth-order dynamic model. Model (1) is usually rewritten in a rotating reference frame synchronous with the common nominal frequency, e.g., ω. Instead, in this paper a different rotation matrix for each current vector is considered. In particular, the following state-space transformation is defined:
where superscripts d and q denote the variables in rotating reference frames; the rotation matrices are given by
and θ k is the angle that, in the closed-loop model, will be determined by the droop control of the kth inverter. The choice in (3) and (4) is similar to the transformation considered in [34] , but for the proposed model, no common reference frame is considered, which allows to "decouple" for each inverter the active and reactive power expressions with respect to the corresponding current components, as shown in next section. Note that current i αβ c is transformed by using the rotation matrix of inverter a (or analogously, one can choose the angle of inverter b). By using (4), one can write
with
Moreover, from (4), it follows that:
where δ = θ a − θ b . By applying (3) to (1) and by using (5)- (7), one obtains 
Condition (9) will be exploited in order to obtain an explicit state-space form of the closed-loop dynamic model under the droop control. It is important to stress that the construction of model (8) does not imply any a priori synchronization assumption of the two inverters. The "local" frequencies (d/dt)θ k and amplitudes U k in (8) and (9) are determined by the controllers that implement the frequency and voltage droop laws as follows:
where ω is the nominal frequency;Ū k are the voltage references; m k and n k are the frequency and voltage droop coefficients, respectively;P k andQ k are the active and reactive power references, respectively; and P k and Q k are the active and reactive powers, respectively. The closed-loop model will be obtained by expressing the powers as functions of the microgrid state variables. Notice that the active and reactive powers are invariant under rotations; therefore, the choice of the synchronous reference frames defined by (3) and (4) does not affect the particular implementation of the droop controllers (10) in a real system. Moreover, the two initial conditions in (10a) are independent.
B. Closed-Loop Model
In order to derive a closed-loop model from (8)- (10), powers P k and Q k must be expressed in terms of variables i 
where I is the identity matrix of suitable dimensions. Then, by using (9), one can write
where the inverter currents in the rotating reference frames can be expressed as
Voltages U k can be explicitly expressed in terms of inverter currents i q ok by combining (12b) and (10b). By solving the corresponding algebraic loop, one obtains
In (14), it is clear that, in order to obtain the closed-loop model in an explicit state-space form, one needs to express inverter currents i 
By using (13) and (15), together with the inverse of (3), with simple algebraic manipulations, one obtains
where Γ k (δ) is defined in (11) . By substituting (12) and (14) in (8)- (10), the closed-loop model of the microgrid under the droop control can be written as
The closed-loop model in (16) and (17) (16) , which makes the closed-loop model rather complex.
III. REDUCED ORDER MODELS
The simple microgrid topology considered in this paper can be viewed as a basic subsystem of more complex microgrids. Then, it is interesting to consider possible simplifications of the closed-loop model in (16) and (17), provided that the stability properties are not lost due to the model order reductions. In this section, by using the singular perturbations technique [35] , reduced order models that exploit different dominant time constants are obtained.
A. Dominant Loads' Time Constants
For many microgrids, tie-line time constant L c /R c is much smaller than the loads' time constants L a /R a and L b /R b [36] . Assume that the following conditions hold:
In order to obtain the reduced order model, one can set L c /R c to zero in (17b). The practical values for the grid electrical parameters and frequency ω justify the fact that X c /R c is not assumed to be zero. Then, indicate with z the variables (currents) solving the equations obtained with the singular perturbations approach. By expressing (16) in terms of the corresponding variables of the reduced order model, it follows:
and from (17b), one obtains
where δ z is the angle corresponding to the reduced order model. 
where z dq ok , with k = a, b, can be written as functions of the five state variables z dq k and δ z by using (20) . In the next section, the fifth-order model in (20) and (21) will be shown to be able to estimate the interval of m k for which the seventh-order model in (16) and (17) is unstable. It should be noticed that the reduced order model in (20) and (21) under (18) is not equivalent to the model that can be obtained from (16) and (17) by assuming currents i dq c to be at the steady state. Indeed, (20) is more simple than (17b) at the steady state.
B. Dominant Tie-Line Time Constants
A different reduced order model can be obtained if the tieline time constant is much greater than the load time constants. Assume that the following conditions hold:
In order to obtain the reduced order model, set L k /R k to zero in (17a). The practical values for the grid electrical parameters and frequency ω justify the fact that X k /R k is not assumed to be zero. Then, indicate with ζ the variables obtained from the currents with the singular perturbations approach. By expressing (16) in terms of the corresponding variables of the reduced order model, it follows:
and from (17a), one obtains
where δ ζ is the variable in the reduced order model corresponding to angle difference δ. Equation (24) 
where ζ dq ok can be written as a function of state variables ζ dq c and δ ζ by using (24) .
The third-order model in (24) and (25) will be shown in the next section to be able to predict unstable behaviors for some values of m k for which the seventh-order model in (16) and (17) is unstable under (22) .
C. Reduced Order Models Without Voltage Droop
In many microgrids, inverters are only subject to the frequency component of the droop control because there is no reactive power demand to be satisfied. In the case of dominant load microgrids, a reduced order model for this type of closedloop system can be derived by setting n a = 0 and n b = 0 in (20) and (21) , which leads to
and
In the case of dominant line microgrids, it is possible to operate similar considerations in order to obtain a corresponding reduced order model. In particular, set n a = 0 and n b = 0 in (24) and (25) . Then, it follows:
The numerical analysis in the next section will show the influence of the frequency droop control parameters on the microgrid stability.
D. Microgrid-Oscillator-Based Model
Models expressed as so-called Kuramoto oscillators have been investigated in literature for the analysis of the microgrid synchronization problem [31] . In the following, it is shown that these models can be obtained from the reduced order models previously presented by applying once again the singular perturbations technique. Consider the model in (26) and (27) 
and from (27b), it follows:
By computing y dq k from (30b) and by substituting in (30a), after some simple algebraic manipulations, one can write
By substituting (32) in (31), it follows:
where
The dynamic model (34) is representative of a Kuramoto oscillator and can be derived by applying similar considerations to (28) and (29) . The stability of the equilibrium points of (34) can be analytically investigated. In particular, by indicating with δ eq y an equilibrium point of (34) , by taking the derivative of (34) at the steady state with respect to δ eq y and by substituting in (33b) and (33c), a sufficient condition for local stability is
For typical microgrids and droop control parameters, condition (36) is satisfied, which means that the oscillator model predicts that the droop-controlled microgrid is stable.
IV. STABILITY NUMERICAL ANALYSIS
In this section, a numerical analysis is carried out in order to validate the model order reductions in terms of the corresponding dynamic behaviors and stability properties.
A. Microgrids With Dominant Loads
The equilibrium point of the model in (16) and (17) with the parameters indicated in the first column of Table I which show that the system is locally stable. Figs. 2 and 3 show the time-domain evolutions of the currents. Fig. 3 particularly shows the presence of fast and slow modes in the tie-line current dynamics. The time evolutions of the active and reactive powers present similar dynamics to those represented in Fig. 3. Fig. 4 shows the time-domain evolution of angle δ = θ a − θ b . In order to provide for the required active and reactive powers according to the corresponding reference values, at the steady state, a nonzero angle difference is needed. (16) and (17) (triangles) and that of the reduced order model in (20) and (21) (16) and (17) become positive real, and the system is unstable. Fig. 5 also shows that the reduced order model predicts the instability occurring for a similar value of the frequency control parameter since some eigenvalues become positive real for m a ≥ 6.2 · 10 −3 . Fig. 6 allows to verify that the error between the solutions of the seventh-order model and those of the fifth-order model is also acceptable for large signals. Moreover, Fig. 7 shows that, by increasing m a , the eigenvalue of (34), the real eigenvalue of (16) and (17), and the real eigenvalue of (20) and (21) are very close.
B. Microgrids With Dominant Tie-Line
The equilibrium point of the model in (16) and (17) with the parameters defined in the second column of Table I (16) and (17) and that of the reduced order model in (20) and (21). Fig. 7 . Comparison between the eigenvalue of (34) (circles) and the real eigenvalue of (16) and (17) (triangles) and of (20) and (21) (38c)
which show that the system is locally stable. Figs. 8 and 9 show the time-domain evolutions of the currents. Fig. 9 particularly shows the presence of slow modes in the tie-line current dynamics. The time evolutions of the active and reactive powers present similar dynamics to those represented in Fig. 9 . Fig. 10 shows the time-domain evolution of angle δ = θ a − θ b . Fig. 11 shows a zoom of the eigenlocus of (16) and (17) and the eigenlocus of the reduced order model in (28) and (29) by (16) and (17) become positive real, which implies that the closed-loop system is unstable. Fig. 11 also shows that the third-order model in (28) and (29) is able to detect the frequency droop control parameter value for which the seventh-order model becomes unstable.
V. EXPERIMENTAL RESULTS
In this section, experiments validating the microgrid stability analysis are presented. The results have been extracted from the Intelligent Microgrid Laboratory, Aalborg University, Aalborg, Denmark [37] . The experimental setup can be represented with the equivalent circuit in Fig. 1 , where each ideal voltage supply is replaced by a real inverter with corresponding controllers and output filters whose equivalent scheme is shown in Fig. 12 . Two three-phase three-legs Danfoss FC 302 inverters, along with their corresponding output LC filters, are adopted. The inverters are provided with inner voltages and current control loops that are responsible for their proper operations and reference tracking. The controllers are implemented by means of a dSPACE 1006 system. The same Matlab/Simulink schemes used for the control parts in the numerical simulations have been compiled to the dSPACE system, which has been responsible for the inverter control and the data acquisition. The sampling time has been set to 100 μs. Fig. 13 shows the cabinet hosting the two inverters, the dSPACE system, a three-phase variable resistive-inductive bipole on the top, and two three-phase variable resistors along its sides. The inverters output filters, the local loads, and the line inductors are placed in the rear part of the cabinet. A directcurrent voltage supply REGATRON TopCon TC.GSS with 650 V and a maximum current limited to 10 A is adopted. The connections among each microgrid element, i.e., the two inverters, their corresponding local loads, and the tie-line, have been operated by means of three contactors. Furthermore, three measurement boards with corresponding LEM sensors have allowed to measure all the relevant currents and voltages, whereas the active and reactive powers and the angle difference have been computed by the dSPACE platform.
The experimental setup consists of a microgrid with a dominant tie-line time constant. The parameters of the setup are indicated in the second column of Table I . The first scenario considered consists of the microgrid completely formed, i.e., the two inverters are both connected through the tie-line. Fig. 14 shows the time evolutions of the angle difference for different values of m a when, starting from the steady state, the angle of inverter b is perturbed with an additive step disturbance of 0.1 rad. As the frequency droop control parameter is increased, the dynamic response becomes faster. Fig. 15 shows the currents of the load of inverter b when the corresponding angle is perturbed. The disturbance effect on the load currents is negligible. The values of three-phase currents i rst b are consistent with the steady state of the corresponding numerical simulations presented in the previous section (see Fig. 8 ).
The second scenario considers the behavior at the connection of the inverters forming the microgrid. Fig. 16 shows the currents of the load of inverter b starting from the inverters in standalone operating conditions when the microgrid is formed. The formation of the microgrid changes the equilibrium point with respect to the case of independent inverters with corresponding local loads. The final steady state in Fig. 16 is the same as the steady state in Fig. 15 .
The third scenario aims at highlighting the microgrid instability. Fig. 17 depicts the experimental results of angle difference δ when frequency droop control parameter m a is subject to a step variation. The experiments show instability for m a = 25.3 · 10 −2 . For this value, the reduced order model also predicts the instability, as shown by the numerical results in the previous section. 
VI. CONCLUSION
A systematic approach to model a microgrid with droopcontrolled inverters has been presented. By using a suitable state-space transformation, a closed-loop model in an explicit state-space form has been derived. The time-scale separations between the line time constant and the load time constants have been exploited by using singular perturbations, and corresponding reduced order models have been obtained. Furthermore, by neglecting the current dynamics, a microgrid model in the form of Kuramoto oscillators has been derived. The models highlight the importance of the electrical dynamics and the influence of the frequency droop control parameters on the stability of the microgrid. Different from the oscillator-based model, the singularly perturbed reduced order models are shown to predict the microgrid unstable behaviors, which are confirmed by the numerical and experimental results. The methodological steps applied to the simple microgrid topology considered in this paper can be also adopted for more complex networks for which the considered microgrid represents a basic subsystem. From a qualitative point of view, one can conjecture that the current dynamics also influence the stability of the microgrid for more complex topologies under large values of the droop control parameters. This is a possible direction for future research.
